The research is devoted to a numerical solution of the Volterra equations of the first kind that were obtained using the Laplace integral transforms for solving the equation of heat conduction. The paper consists of an introduction and two sections. The first section deals with the calculation of kernels from the respective integral equations at a fixed length of the significand in the floating point representation of a real number. The PASCAL language was used to develop the software for the calculation of kernels, which implements the function of tracking the valid digits of the significand. The test examples illustrate the typical cases of systematic error accumulation. The second section presents the results obtained from the computational algorithms which are based on the product integration method and the midpoint rule. The results of test calculations are presented to demonstrate the performance of the difference methods.
Introduction
The paper is devoted to the studies on a special class of Volterra integral equations of the first kind 
(−1) q+1 q 2 e −π 2 q 2 (t−s) .
The specific feature of kernel K N (t − s) in (2) lies in that K N = 0 in some neighborhood of zero. The qualitative theory and numerical methods of solving the Volterra equations of the first kind are dealt with in many studies (for example, [1] [2] [3] [4] and the eqreferences given in them). The goal of this paper is to consider the application of numerical methods for solving the equations of form (1), (2) taking into account the mechanisms of error occurrence in the computer calculations. The work is a continuation of the research started in [5, 6] .
The Volterra equation of the convolution type (1), (2) was first obtained in [7] . The authors of [7] suggest a method of searching for a solution u(1, t) = φ(t), t ≥ 0, of an inverse boundary-value problem u t = u xx , x ∈ (0, 1) , t 0,
u (x, 0) = 0, u (0, t) = 0, u x (0, t) = g 0 (t) (4) by reducing (3), (4) to the Volterra integral equation of convolution type:
(−1) q+1 q 2 e −π 2 q 2 (t−s) , y(t) = 1 2π 2 g 0 (t) .
Instead of g 0 (t) we normally know g δ (t): g δ (t) − g 0 (t) C δ, δ > 0. Problem (3), (4) plays an important part in the applied problems, including those related to the research into non-stationary thermal processes. Solving the inverse problems is as a rule complicated by the instability of these problems with respect to the initial data errors. The application of the methods which employ the Fourier and Laplace transforms in combination with the theory of ill-posed problems found wide application in the construction of stable solutions to the inverse problems of heat conductance. In particular, to solve the problem similar to (3), (4), the authors of [8] used a stabilizing functional after applying the Fourier transform. In [9] to regularize and assess the convergence of the obtained solutions the authors used a method of conjugate gradients. In [10] and [11] the Laplace transform was considered for solving the Cauchy problem. In [12] the Laplace transform was used in a two-dimensional problem. The existing approaches, as a rule, after taking the Laplace transform, apply regularization methods to the obtained equations and then perform the inverse transform.
Taking into account the ideas from [13, 14] the authors of [7] approximated u x (0, t) by the sum N of the first summands:
where N is positive integer. Then (5), (6) are reduced to the form (1), (2) . The performance of this approach was discussed in [7] . According to the conclusion made by the author, such a way of solving the inverse problem makes it possible to reduce the initial problem to the Volterra integral equation of the first kind and exclude the components of the operator calculus from the regularization process. It is known that the Volterra integral equations of the first kind belong to the class of conditionally-correct problems, and the discretization procedure has a regularizing feature with a regularization parameter, a step of mesh, which is in a certain manner connected to the level of disturbances of the initial data δ.
This paper presents an algorithm to numerically solve (1), (2) at an exactly specified right-hand part. Note that when solving (1), (2) we face three types of errors related first of all to the approximation of the initial problem (5), (6) , secondly to the accuracy of a numerical method, and finally to the computation errors in the machine arithmetic operations with real floating-point numbers. For the research, of greatest interest is the first of the indicated cases. However, to pass to the problem of assessing the parameter N in (2) it is necessary to develop an algorithm for computation of K Nmax , which takes into account the specific features of machine arithmetic and provides the desired (specified) number of valid digits in the significand.
The specific features of the numerical calculations
The computational experiment in [5] shows that with an increase in the number of summands in (2) the roots λ * of the equation K N (λ) = 0 decrease (at the same time monotonisity is observed only separately in even and odd N ). The values λ * will be used further to limit the magnitude of the mesh step h from above, for the value of the mesh function K h N at the first node to be non-zero. As is known, the condition K N (0) = 0 is necessary for (1), (2) to be correct on the pair (C,
. Note, that there can be computational errors in the calculation of λ * , they can be related to the application of a fixed mesh in the machine number representation.
Let us consider the known cases of systematic error accumulation [15] which appear in the calculation of kernel values (2) . Use the system of computer algebra Maple10. Following [16] we will include parameter f in the generally accepted representation of the real number. The parameter is equal to the number of valid digits in the significand (starting from the left). Assume that the real number x = s · M · 10 −L+p is specified by the set (s, M, p, f ), where s ∈ {−1, 0, +1} is the sign of the number, M ∈ {10 L−1 , 10 L−1 +1, ..., 10 L −1}∪{0} is significand of the number, L is number of significand positions, p is exponent part of the number.
Let us illustrate the details of the calculations when summing up the numbers with different exponent parts in (2), using the example. Example 1. Let N = 50, λ 0 = 10 −3 , L ≥ 8. Take
and find x Σ = x 1 + x 2 . Assuming
according to [16] , it is easy to obtain that
where the symbol [...] means the greatest integer. The last column of the table shows the values of minorant f s , that are calculated using (7). Tab. 1 presents the parameters (1,
which define x 1 , x 2 and x Σ respectively. Table 1 Values M and f for x 1 , x 2 and x Σ . The next example illustrates the situation arising in the calculation of the difference between the numbers which have coinciding exponent parts and several high-order digits of the significand. Example 2. Let N = 50, λ 0 = 10 −3 , L ≥ 8. Introduce
and, following [16] use the empiric estimate:
where
, which specify the values x 3 , x 4 and x ∆ . The estimation from below of f r , obtained using (8) , is given in the last column of Tab. 2. Table 2 Values M and f for x 3 , x 4 and x ∆ . It is obvious that when several high-order digits are set to zero, there appears the number with lower quantity of significant digits in the significand. Fig. 1 illustrates an instantaneous loss of high-order digits, which takes place in this situation. The calculations are made using the software developed by the authors in PASCAL.
The next section is devoted to the problem of approximately solving (1), (2) in terms of the specific features of machine arithmetic.
Results of solving (1), (2)
Let us introduce the uniform meshes of nodes t i = ih, t i− 
Designate their solutions byφ h andφ h , respectively. Conduct a numerical experiment with the guaranteed number of valid digits in the significand not less than f 5 = 8. Example 3. Assume φ (t) from [18] as the reference function:
where α = 10 −1 , 10 −2 . Set in (9), (10) N = 2, 5; 10; 15. Tab. 3, 4 gives the results of numerical calculations in the integration interval [0, 1]. Here, the notation is as follows:
where h 1 = 2h 2 , ε h C h is maximum absolute difference between the accurate solution and the approximate solution at the nodal points (the approximate solution is obtained using the middle rectangle quadrature); ε h C h is maximum absolute difference between the accurate solution and the approximate solution at the nodal points (the approximate solution is obtained using the product integration method); symbol * means that the error norm is higher than max 0≤t≤1 |φ (t) |.
Table 3
Errors in the mesh solution for function φ, where α = 10 −1 . C h = 0.0582.
Table 4
Errors in the mesh solution for function φ, where α = 10 −2 . Remark.
Step h for the fixed level of the initial data perturbances was chosen using the Fibonacci method with ten trials.
The comparison of ε h C h and ε h C h makes it obvious that the use of the product integration method is more preferable. The computational experiment conducted for the given example at α = 10 −3 shows the convergence for h < 10 −3 . In this connection, further studies are supposed to use the numerical methods of higher order, in particular the third-and fourthorder Runge-Kutta methods. Further, it is planned to construct stability regions of the considered algorithms by the analogy with [19] .
Conclusion
The paper presents the research into the approximate solution of the Volterra integral equation of the first kind of convolution type, which occurs in the inverse boundary-value heat conduction problem, by the second-order finite difference methods. The calculation results obtained using the system Maple 10 are presented. The computational experiment is conducted in terms of the error occurrence mechanism in computer calculations. Typical cases of systematic error accumulation are demonstrated by the test examples. Software for the calculation of kernels, tracking the valid digits in the significand, is developed in PASCAL. 
